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STABILITY OF LOTKA-VOLTERRA SYSTEM
A. A. Soliman UDC 517.929

ABSTRACT. The stability of Lotka—Volterra system has been discussed by many authors for two and
three species. In this paper, we will discussed the notion of stability for a Lotka—Volterra system with
four species. Some criteria and results are given. Our technique depends on the Lyapunov—Razumikhin

method.
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1. Introduction
Consider a Kolmogorove-type differential system
v =xifi(w, w0, 23, ... 1), i=1,2,3,...,n. (1.1)
The Lotka—Volterra system is obtained from (1.1) for

n
_ E +
fi(l)l,l‘g,fﬁg,...,.’[‘n)— <a’i_ bl]xj>) $17$27x37"'7xn€Rn)
7=1

ie.,
n
r_ +
xi—:z:l(ai— g b,-jxj>, x1,%2,T3,...,2n €ERY i =1,23,...,n. (1.2)
j=1

The Lotka—Volterra system is of considerable interest (see [1, 3-9, 11, 14, 16]). Cushing [1], Mangel
[10], Redheffer [14], and Tackeuchi [16] studied system (1.2) in the particular case of two species
i = 1,2. May et al. [8], Schuster [15], and Pimbley [12] discussed system (1.1) in the case of three species
i =1,2,3, where f; € C[RT x RT x RT x --- x R*, R, fi(z1, 9,23, ..., 2n) > 0, £;(0,0,0,...,0) #£0,
x; > 0, and z;(0) = zo; > 0. Gopalsamy [3] used sufficient conditions for the asymptotic stability of
the zero solution of the system

2
x;:Zbijxj(t—Tij), 1= 1,2,
j=1

and obtained a sufficient condition for the global asymptotic stability of the positive equilibrium of a
competition system in the case of two species with finite delay

2
l‘; = T (ai — Z bijl'j(t — Tij)> .
j=1

Translated from Sovremennaya Matematika i Ee Prilozheniya (Contemporary Mathematics and Its Applica-
tions), Vol. 61, Optimal Control, 2008.
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Now, we will discuss the stability of system (1.1)

4
gj; = Z; <ai — Z bij$j> (13)
j=1

in the case of four species i = 1,2, 3,4, and

4
:B; = T <CLZ' _Zbijl'j(t_ﬂ'j)), (1.4)
7=1

where x; > 0, with parameters a; > 0 and b;; > 0.
We define a Lyapunov function V (¢, z) € C[J x R™,R] and the function

DTV (t) = lim sup % [V(t+6,z+6f(t,z) — V().

6—0t

The following definitions will be needed.

Definition 1.1 (see [13]). A function ¢(r) belongs to the class K if ¢(r) € C[(0, p),R*], ¢(0) = 0,
and ¢(r) is strictly monotonically increasing in 7.

Definition 1.2 (see [13]). The zero solution of system (1.1) is said to be stable if for ¢ > 0, there
exist positive numbers d1(¢) > 0 such that for any solution x(¢, ¢y, x¢) of system (1.1), the inequality

lx(t, to, z0)|| < &

holds, provided that
lzoll <61 = ||z|l <&, t<to.

Definition 1.3 (see [13]). The zero solution of system (1.1) is said to be uniformly stable in variation
if there exist positive numbers ¢; > 0 and M > 0 such that

||q)(t7 to, xO)H < M?

whenever
||$0H < (51 for t > to > 0,

where ®(t,to, o) is the fundamental matrix solution of the system

Y = fa(t, 2(t, b0, 70))y (1.5)
given by
ox(t,t
q)(tathIEO) = M? <I>(t07t07$0) :Ia
8.7}0
) ) of(t, ) . . . )
where x(t, 19, x0) is a solution of (1.1), f.(t,z) = . and I is the indentity matrix.
x

Definition 1.4 (see [13]). The zero solution of system (1.1) is said to be asymptotically stable if it
is stable and for e > 0, there exist positive numbers §; > 0 and T'(¢) > 0 such that for any solution
x(t, to, xo) of system (1.1), the inequality

H:z:(t, to, xo)H <€

holds, provided that
|lxol] <61, t>to+T.
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2. Immune System and Lyapunov Functional

In this section, we study the stability of the following system:

4
IL’; = X; (ai — Z bi]‘:l}j> . (2.1)
j=1

The linearized system of (1.2) is given by

Z = Az, (2.2)
where z = (x1,72,23,74)7 and A is the (4 x 4)-variational matrix from (2.1) at a critical point
(s, 23, 23, 23) given by

LO0f1 LO0f1 LO0f1 LO0f1
:Ela—xl + fl 1 8.%'2 1 6.%'3 1 (9.%'4
dfa Ofo P P
*— *_ *_ *_
2 8561 2 69@ + f2 2 85153 2 6:1:4
A=
LOf3 L Of3 LO0f3 LO0f3
373 8$1 a;3 8x2 .Tg 6953 + f3 .733 81,‘4
LOhLOh on Loh
48([)1 481}2 48:133 40174 4
Thus,
b1 + fi x7b12 x7b13 x7b12b14
x5ba1 x5b22 + fo x5bo3 x5boy
A= ,
x3b31 x5b30 x3b33 + f3 x3b34
x3by x3bs2 b4z ybag + [f4
where

J1 = a1 — (bi1wy + biawa + bizws + biawy), fa = ag — (ba1x1 + baowa + bagxs + baazya)),
fz = a3 — (ba1x1 + bzawa + b3zws + bsaza)), fa = aq — (ba1x1 + baowa + bagxs + baazs)).

The eigenvalues \; of A are obtained by solving the characteristic equation [|[A — AI|| =0, i.e.,
N =A% 4 p2A? = psA +Q = 0,
where p; are constants, ¢ = 1,2,3, and @ is the determinant of A. Since f;(0,0,0,0,) # 0,
fi(xl,x2,$3,$4) >0, z; > 0.
By a simple computation, we obtain that the critical points are e(0,0,0,0) and e;(x1,x2, X3, 4),
where x; = A;/A, i =1,2,3,4, where A and A;, i = 1,2,3,4, are defined in the appendix. For the
critical point eg = (0,0, 0,0), the variational matrix A becomes

f1(eo) 0 0 0 ag 0 0 0
0 fa(eo) 0 0 0 a 0 0
AO — =
0 0 f3(eo) 0 0 0 a3 O
0 0 0 faleo) 0 0 0 a4
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and has eigenvalues \; = a; > 0, i = 1,2,3,4. From [13, Theorem 3.2.3|, we obtain that e(0,0,0,0)
is an unstable node.
For ey (x1,xe,x3,x4), by a simple computation, we obtain the following form of Aj:

a1 G2 a3 04

B B2 B3 b
Al ’

it 72 Y3 Y4

m T2 N3 M4

where op = 27b11 + f1, a2 = 2bi2, a3 = x]b13, ag = Tb12b14, B1 = x5b21, B2 = x3boo + f2, B3 = x5b23,
Ba = w5bog, 71 = 3b31, Y2 = w3b32, v3 = w3b33 + f3, Y4 = w3b3a, m = wibar, M2 = xibaz, M3 = Tibys,
and 1n423baa + f4.

Remark 2.1. Schuster [15] studied system (2.1) in the particular case z4 = 0, a; = by = 1, bjg =
bag = bsg = a, byz = bog = b3 = b, and by = b3y = c¢. Also, Pimbley [12] discussed system (2.1) in the
particular case rq4 — O, a] = 1-— )\1, ag = —)\2, az = —)\37 bll = k)\l, blg = k(oq - /\1), blg = kn)\l,
bo1 = —k(QQ — )\2), boo = —kMXo, bag = —knls, b3y = k:(ag — )\3), bso = —kA3, and b3z = —knasgAs.

Example 2.1. Consider a model four-component immune system

uy = uy fi(ug, ug, u3, ug),

uy = ug fo(ur, ug, us, uq),

us = us fa(u, ug, us, uq),

uy = ug fe(u1, ug, us, uy),

where

fi =AM+ kdur — kE(m — A)ug + kndjusg + knAjug,

fo ==X — k(n2 + Mo)ur — kdaug — knous + kndauy + kyus,
f3= =Xz + k(13 — A3)u1r — kAzug — kndsus + Asugq — knsuy - us, (2.4)
fo= =M+ k(s + M)ur — Edgug — kndgus — kdjuy

+ s[1 4+ k(uy + ug + us + nug)] — k%UQ - Uy,

where w1, us, us, ug denote the concentrations of antigen, antibody, antibody production, and antigen
production cells, respectively, n; denotes the elimination rate of antigen, A; is the increasing rate of
antigen when antibody is absent, 75 denotes the rate production of antibody which stimulates limiting
of antigen to antibody, A2 denotes the decreasing rate of antibody when antigen is absent, and Ag
denotes the rate of elimination of antibody production cells in absence of antigens, A4 denotes the
inreasing rate of antigen production cells under decreasing antibody production, @ is the concentration
level that can be exceded, s is a constant source term, n is the number of receptors per cell, and 6
must be sufficiently large.
We note that if s and kv are sufficiently small, system (2.4) becomes

/1 = U1 ()\1 + kAur — k‘( — )\1)u2 + knAjug + k"rl)\1U4),

/2 = U2( )\1 (772 + )\Q)ul k)\Q’LLQ — kn)\QU3 + kn)\QU4),

/3 = U3( )\ (7]3 — )\3)U1 k)\3UQ — kn)\3U3 + )\3U4 — kngul . U3), (2'5)
o

Uy (—

+k
M+MM+MM1kMW—MMwy%MM—k%me.

Ug
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It is clear that the five critical points on the boundary R* are

(0,0,0,0) ~1 0,00 0,=2,0,0 0,0, 1.0 0,0,0, -
t e B 9 k??? ) ’k” bl 7’]{"7’1,, ) 777kn7

and (4,0,0,0), (0,0, B,0), (0,C,0,0), where

-2 —A3 A1
—_—, B = Y C = .
k(2 + A2) k(n3 — A3) E(m — A1)

Now, we assume that 6 is sufficiently large (in this case, the antibody production is limited). For the
surface ug = 0, it is clear that (0,0,0), (4,0,0), and (0,0, B) are sources and, therefore, they all are

unstable (see Fig. 1), while
(0,C,0) 1 0,0 and 00——1
T k) " kn

are sinks and, therefore, they all are stable (see Fig. 2).

A=

Theorem 2.1. The zero solution of (2.1) is uniformly asymptotically stable if a; > 0 and bj; > 0,
ij=1,2,3,4.

Proof. Let b(||z||) > ||z]|, b € K, and V(z) = ||z|| = ||(x1,x2, z3,24)| be a Lyapunov function. It is
clear that V(x) is a positive definite and decreasing function for x; > 0, i = 1,2,3,4. Then
Vi(z) = |zl <b(|=]]), bek.
Thus,
V(@) = |la'|| = || (2} + 25 + a5 + )|
= a121 + sy + azxs + asws — (b1} 4 booxs 4 bazwi + byari)
—(b32 + ba1 + baz + bi2 + bza)[r122 + 2273 + 1374 + 2421] — 2(b31 + b2y + b13)[T173 + T274],
and we obtain
V' =V = V2 — (b} + booa? + bgzx3 + byax?) — 2(b31 + bog + biz)[z123 + zox4] < 0.

Following [13, Theorem 5.2.2], the zero solution of system (2.1) is uniformly asymptotically stable,
and the proof is complete.
We consider the following system (2.1):

T =@ <al Zb”asj — Tij > 7i; € [0, 00).

O
Theorem 2.2. Let the integrals
t t
/ a;xi(s + 1) ds and / bijzi(s+ 1ij)x;i(s + 75) ds (2.6)
t=T;; t=T;;
exist and converge on [0,00), and let p; = 2(a; +1) > 1 be a scalar such that
i < Z Q; +2 Z / a;xi(s + 7ij) + bijxi(s + 1ij) (s + Tw)]ds <0. (2.7)

Then the zero solution of (2.1) is uniformly asymptotically stable.
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Fig. 1 Unstablepoints

(0,-1/k, 0)

Fig. 2 Stable points

Proof. Define a Lyapunov functional

4 t A t 2
V= Z (:):Z — / a;xi(s + Tij) ds) — Z / bijri(s + 1)z (s + 745) ds
ij=1 =r; ij=1

t=Ti;
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Then V' is
¢

4 t
/ aimi(s—i—nj)ds) — Z / bijmi(S—FTij)xj(S-i-Tij)dS .

=Tij bi=li=r;

d
I_
V —2\/(/.—dt

4
> (s
ij=1 .
For a; > 0,b;; > 0, and 755 € [0,00), i = 1,2, 3,4, we obtain

V/(xl) xX2,X3, 134) S 0.

Since V(0,0,0,0) =0, following [13, Theorem 5.2.2], we obtain that the zero solution of (2.1) is
uniformly asymptotically stable, and the proof is complete. O

3. Lyapunov—Razumikhin and Krasovskii’s Methods

In this section, we study the stability of the zero solution of system (1.3) with finite delay via
Lyapunov—Razumikhin’s technique [13], and Krasovskii’s method to construct Lyapunov function [13].
Let (z*,y*, 2", w*) be a critical point of system (1.3) satisfying

( 1 1
3 (ai -3 biﬂf) =0, Yi (ai -3 bz’jy§‘> =0,
=1 i=1

(3.1)

4 4
Z;k (ai - Z bwz;‘) = O, w;‘ (ai — Z bijw;‘> =0.
j=1 j=1

Now, the linearized system corresponding to system (1.3) is obtained by using the transformations
1 =" + euy, x2 = y* + eug, x3 = 2* + cus, v4 = w* + cuy. Then system (1.3) becomes

u'l = au] — .’L‘*leUQ — l‘*bl3U3 — x*b14u4,

wy = =y barur + Pug — y*bagug — y*bosua, (3.2)
uy = —2"b31uy — 2 bgus + yus — y*basua, '
uﬁl = —w*bg1u1 — wbgous — wrbyzus + Ouy,
where
a=ay —2x7by; — Yy big — 2"b13 — w by,
B = ag — 2 ba1 — 2y baa — 2"baz — w*bay,
v = ag — " bz1uz — Yy bz — 22%b3z — w*bsy,
0 = ag — 3}*641 — y*b42 — Z*b43 — 2w*b44.
We can write (3.2) as
7' = EZ, (3.3)
where
b11 —z%b1g  —x%biz  —x"bis U1
—y b2t bao —y* bz —y*bay U2
E = ) Z = Y
—2"b31  —2"ba2 b33 —2"b34 u3
—w* by —w*bsy —w¥bgz b Uy
where b11 = «, bag = 3, b3z =y, byg = 0.
Following [13], by using Krasovskii’s method, we define
vV =2"BZ. (3.4)
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Thus,
V' =Z"(E"B + BE)Z.
Since Ey = E(0,0,0,0) = diag{a;}, a; > 0, i = 1,2, 3,4, we have that Fy is unstable and, therefore, it
does not satisfy the matrix equation
ET'B+ BE = -1, (3.5)
where I is the identity matrix. Since V and V' are positive-definite functions, the zero solution of
(3.2) is an unstable node.

Example 3.1. We consider system (3.2) with

3 0 1 1 4 0 1 1

-2 3 -1 0 0 3 -1 0
E: =

-4 0 4 0 0 0 4 0

0 0 0 1 0 0 0 1

We find that the eigenvalues of E are 1,3,4,4. Therefore, B is unstable, since all eigenvalues are
positive and B does not satisfy (3.5), where

1 -2 2 2

-2 -1 -1 0
B =

5 -1 1 0

1 -2 5 1

Since V = ZTBZ, we have V' > 0. Therefore, the zero solution of system (3.3) is unstable.

Example 3.2. We consider the Lorentz system
uy = o(ug —uy),
uh = puy — Uz — U U2, (3.6)
uy = —(uz — uruz,

where o, p, and 3 are real positive parameters denoting the Prandtl number, the Rayleigh number,
and a geometric factor, respectively. The state variables u1,u2, and ug represent the velocity of the
fluid layer and spatial temperature distribution in the fluid layer under gravity.

Lorentz system has the following properties: if p € (53, p), there exists one unstable point — the
origin point and there are two stable points

(Vﬂ(p— 1),vV/Blp—1),(p - 1))7 (— VB(p—1),—VB(p—1),(p— 1))-

If p is larger than the number p; € (3, p), then there are no stable points and trajectories of the system
have a chaotic behavior.
System (3.6) was studied by other authors from their different points of view (see [4-7, 14-16]).
We study the zero solution of Lorentz system (3.6). Choose the Lyapunov function

1
V(t,U) = —(u% +u% + u%),

2
which is positive definite and decreasing, where U = (u1,uz2,u3)”. Along solutions of (3.6), we have
V/(t,U) = —oud —u3 + (0 + p)ugug — fui < pV(t,U), (3.7)
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0.8 Unstable

0.2 H Stable

Fig. 3

where

p=max{—(o+1)— (0~ 1)>+ (0 +p)?, ~26}. (3-8)
Hence V'(t,U) < 0 and, therefore, the zero solution of (3.6) is asymptotically stable. Therefore all
trajectories converge to the origin (see Fig. 3).

Consider the system
t

= Az(t) + /k(t — s)z(s) ds, (3.9)
0
where A = [ay;] and K = [k;j()] are real and functional (n x n)-matrices, K belongs to L'[0, c0).
Now, we define the following class.

Definition 3.1. A function b(r) is said to be of the class H if b € R™ is such that
1b(s)l < NYb(r)[l, N >1, —oo<s<r<oo.

Theorem 3.1. Let the matriz A = [a;j] in (3.6) be a real (n X n)-matriz and let

k(t — s)ds = ko, (3.10)

o _

where k = [k;;(t)] is an (n x n)-matriz function which belongs to L'[0,00) and ko > 0. Then the zero
solution of (3.6) is asymptotically stable.

Proof. Following [13], we define a Lyapunov function V' (z) as follows:
V(z) = 2" Bz, (3.11)
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where B is a symmetric constant (n X n)-matrix such that

ATB+ BA = —1I, (3.12)
where I is the identity matrix, and Eq. (3.12) has a positive-definite matrix solution B. The time
derivative of V(z) along the solution of (3.5) together with (3.11) yield

V'(z) = (7)Y Bz + 2T Ba'
t

zT AT 4 /k‘(t — s)zT (t) ds

t

Bz + 2T B|Az(t) + / k(t — s)xz(s) ds]
0 0
t ¢
= 2T ATBzx + 2T BAz + /k (t — s)z(s)ds|Bx 4+ 2’ B /k(t —s)x( )ds]
0 0
¢ ¢

" (ATB + BA)z + Bz +2"'B

/k (t —s)x(s)ds /k(t —s)z(s) ds]
0 0

/k(t —s)x(s)ds /k:(t - s)x(s)ds]

0 0

t
< —IIxIIQ+2N||B|H|xll2/kllk(t—8)!E(8)Ild8
0

t

< =]l + 2NHBHHwH2/k(t —s)ds =
0

and, therefore, V'(z) < 0 for kg = 1/(2N||B|); therefore, by [13, Theorem 5.2.2], the zero solution of
(3.5) is asymptotically stable.

< —xle+ Br+a2'B

—[1 = 2Nko||BI[] =/,

O
4. Appendix
System (2.2) is equivalent to the following system:

4 t 4 1

d

pr E (a:Z — / a;xi(s + Tij) ds) - g / bijzi(s + Tij)xi(s + 1i;) ds
ij=1 :

=Tij i’jzltZTij
4 4
= Z [2i(1 — a;x;) — ajzi(t + 735)] — Z [bijai(t + Tijxj(t) — bijxi(t + 7j)x;(t + 7i5)];
i,j=1 i,j=1

A = 2b11b13bogbag + b34b35 + 2b12b14bogbog + 2b11bazbasbsy + big(b3s)?
+ 2b13b1abazbss + big(bos)? — 2b19b14ba3bss — b11(bos)?baz — 2b13b1abazbay
(bra)?bagbss — brabizbaabss — bigbaobas — b11b3gbas — biobazbas

— b11boobazbay — b11b3sboz,

A1 = [—asb13bagbag — asb1abosbsz — azbiabozbos — a1brabsybaz — aibosbazbay

— agbigbaobas + agbi2basbss + asbizbaobsy + azbiabaobss + asbisbss

+ agb14b2absz + azbizba, 4 2a1bozbosbzy + asbiabsy + azbiabazbay
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10.

11.

12.

13.
14.

15.
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+ agbizbasbas + asbizbasbay],

Ng = [—asbizbagbis + azb?yboz + asbisboy — azbisbisbiz — asbiabszbis
— agbi3b3, — asbiabizbss — azbiabiabsa + 2a4b13b14bss + agbiibazbsa
— a1b14bagbss + azbiibasbss — agbizbas — azbiibazbas + arbizbazbas

— a2b11b33b44,

Ag = [—asbi3baobis + asbiybaz + asbrabasbis — azbagbly + asbiabisbas — 2azbiabiabay
+ agb13baabra — agbi1bazbay + a1bisbazbas + agbiibi, — a1bizbs, + asbzabis
+ agbi2biabss + asbiibazbss — a1brabagbss — azbi1baabss + a1bizbaabsa] + azbizbas
— agb11b13ba4 — azbi1b22bag — a1b13b22bag + a1b12b23b44],

Ay = [agb3bag — azbiabasbiz — 2asbiabizbaz — abizbas — azbiibasbay + arbizbazbos
+ aqb33biy + azbiabiabas + asbi1bobss — asbi1big + azbiabosbsz 4 asbiibasbss

+ 2a1b23b24b3y + asbiob3, + arbiabasbsz + asbi1boabsz — a1biabasbss — azbisbsy
— agb12b13b14 + a3b11b22b3s — a1b11b22b34 + a2b11b23b34 + a1b12b23b34].
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